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xl = (az1 +gni3 )  Xl + a" X ,  + U ' X ~  
Y1 = apl X I  + aZ2X? + a'X3 
q = (az1 - g m 3 )  X, + a" X, + a'X3 
Durch Vertauschung der Koeffizienten ax,, mit den 
Koeffizienten B k , ,  und yx,, ergeben sich identische Glei- 
chungen fur die beiden andern Koordinatenrichtungen. 
4. Es ist jetzt nur noch der in Satz (c) ausgesprochenen 
Forderung, namlich der Invarianz des Flachensatzes gegen- 
iiber der Substitution (5), zu geniigen. Fur die xy-Ebene 
lautet dieser bekanntlich in kanonischen Koordinaten : 
(xl 71 - -Yl El) + (XZ 7 2  - YZ EZ) + (xi? 7 3  - Y3 E3)  = c *  
Durch Einsetzen der Gleichnngen ( 5 )  und Ausmulti- 
plizieren erhalten wir : 
(k/49)l h+ m3) ( a 2  - BID Xl ffl + 
- ( [ n / 4 4 l  (m1 + m3) ( a 2 2  - a")) K S I  + 
+ ([h/4/4)1 (m1+ m3) ( a 2 2  - ."))Xz Hz + 
- ([g/44l (m1 + m3) ( A 2  - PI) v, z = C .  
Der Bedingung der Invarianz wird genugt, wenn jeder 
der vier Klammerausdrucke identisch gleich + i ist. Da je 
zwei von den vier Klarnmerausdrucken durch einfache 
Vertauschung von ax,, und ,t?i,, bezw. g und h ineinander 
ubergehen, so konnen fiir beliebige Werte der Koeffizienten 
die vier Bedingungsgleichungen nur dann gleichzeitig be- 
stehen, wenn die Koeffizienten a k  ,, identisch gleich sind 
den Koeffizienten ,8k,,; damit wird auch g 
Analog schlieflt man bei dem Flachensatz fur die 
XZ-Ebene, dafl a l p  y ~ , , ,  g E i und ebenso fur die 
yz-Ebene, dat3 /?I,, G yhp, h i ist. Darnit kommen 
wir zu dem Resdltat, dat3 fur die Invarianz des Flachensatzes 
gegenubet der Substitution die Bedingung 
a h p  ,%hp E ykp g G h i 
erfiillt sein rnuO. Infolgedessen reduzieren sich samtliche 
zwolf Bedingungsgleichungen auf die folgende : 
die in der Tat identisch befriedigt ist, da ja 
A(.) = (az2 -a") (a11 - 0 ~ 3 1 )  und a11 - a 3 1  = ~ ( m l  +~ng) .  
5. Resurnieren wir die Ergebnisse, so konnen wir 
folgendes behaupten : 
Die allgemeinste lineare Substitution zwischen den 
rechtwinkligen Koordinaten x n y n  zn der drei Korper und den 
Veranderlichen Xn Y,,Zn (n = I ,  2, 3) definiert letztere als 
Koordinaten, welchen die in den Satzen (a) bis (c) ausge- 
sprochenen Eigenschaften zukornmen : 
h. 
[ g / ~ ( a ) ]  (nil+m3) (a22 - a') + i 
I. Wenn die kartesischen Koordinaten x n y n  zn sich auf 
den Schwerpunkt der drei Korper als Ursprung beziehen; 
11. Wenn die Koeffizienten der Substitution nach- 
stehende Bedingungen erfullen : 
0111 = azl + gm3 aI2 = asz f a" a 1 3  = a 2 3  = aaa E a' 
a31 = a21 - gml * 
Willkurlich konnen sornit in der Substitution die beiden 
Koeffizienten aZ1, az2 und die drei GroDen a', a", g gewahlt 
werden. Es existiert daher eine Wj-fache Mannigfaltigkeit 
von linearen Substitutionen, die zu Systemen relativer kano- 
nisther Koordinaten fiihren, welche die gleichen Eigen- 
schaften wie die relativen kanonischen Koordinaten yacobis 
aufweisen. 
6 .  Von Interesse ist es schliefllich, aus der allgemeinen 
Substitution jene von yacobi benutzte herzuleiten ; man hat 
zu diesern Zweck folgendermaflen iiber die funf willkurlichen 
Konstanten zu verfugen : 
a" = - m2/s 
aZ1 = o 
Damit wird : 
aZ2 = (ml + m3)/s  a' = I 
g = I/(ml + m 3 )  . 
all = m3/(ltll + m 3 )  a 3 1  = - m,/(m1 + m 3 )  
also all - a31 = I az2 - a" = I d ( a )  = I .  
Die Gleichungen (5) stimmen hierdurch vollstandig mit 
den. Substitutionsgleichungen ( I )  iiberein. 
Bekanntlich hat die yacobzsche Substitution die Be- 
ziehung 
X, = (ml x1 + m2 x, + m3 x3)/s 
zur Folge, wodurch X3 [= yS = Z3] = o wird, da ja der 
Ursprung des Koordinatensystems der xn yn 2% im Schwer- 
punkt der drei Korper festgelegt ist. Nicht unwichtig ist da 
wohl die Bemerkung, dat3 diese Eigenschaft den verallge- 
meinerten Koordinaten nicht ohne weiteres zukommt. Sieht 
man davon und auch von jeder andern mechanischen Be- 
deutung ab, welche die yacobischen Koordinaten auszeichnet, 
so kann man gleichwohl sagen, dafl allein rein formal die 
von yucobi gewahlte Form der Substitutionsgleichungen be- 
merkenswert ist, da durch sie der Ausdruck fur die lebendige 
Kraft von besonderer Einfachheit wird. 
Wien, 1 9 1 3  Marz 19.  _. F. Nopfner. 
Jupiter's first Satellite. By W. H. Pickerzag. 
The elliptical shape of the disk of this body was first 
discovered by Burton in 1873.  The matter was generally 
forgotten, however, until it was rediscovered at the Lick 
Observatory by Messrs. Schaeberle and W. W. Campbell in 
1891.  They noticed the fact that the satellite appeared 
round when near Jupiter, and drew the natural conclusions 
that it was ellipsoidal in shape and always presented the 
same face to its primary. This latter conclusion we now 
know to be an error. The shortening of the disk is merely 
a subjective effect. We can demonstrate this fact most readily 
if we cut out of paper a circle 10.0 mm in diameter, and 
an ellipse whose axes measure 10.0 and 10 .4  mm respec- 
tively. We must then paste them on to a piece of black 
paper the major axis of the ellipse being placed horizontal, 
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and view them from a distance of five or six metres. This 
should be done preferably by lamp-light, as more closely 
approximating the astronomical conditions. A careful exa- 
mination will show the difference of shape between the disks, 
the ellipse appearing the longer of the two. If we next 
place a sheet of white paper, representing the planet, by 
the side of the ellipse and close to it, we shall see that it 
now appears shorter than the circle. 
The elliptical shape of the disk of the satellite was 
again independently discovered the next year, at Arequipa, 
by the writer with the 13-inch refractor, and confirmed by 
Professor DougZass who was at that time his assistant. The 
shortening when near the planet was noted, but it was found 
that it was also shortened at other times, and that this 
latter shortening was periodic. T o  determine when it was 
really shortest was not an easy matter, but it was concluded 
that the period of rotation was a few minutes over 13 hours. 
The  ellipticity of the disks of the other satellites was also 
noted, but in their cases their major axes, and probably the 
planes of their rotation, lie nearly perpendicular to the plane 
of their orbits. I t  was also pointed out that on account of 
the small specific gravity of these bodies, but little greater 
than that of water, that they must be of the nature of con- 
centrated swarms of meteors, like Saturn's rings. (Astronomy 
and Astro-Physics I 893, 12.2'0 I .) 
In 1894 the ellipticity of the disks was again observed 
by the writer, this time at Flagstaff with the 18-inch Brashear 
telescope hired by Professor Lowell for his work on Mars. 
The scale of ellipticities which was devised at this time, 
Astronomy and Astro-Physics 1894, 13.7 29, at once rendered 
i t  possible to determine the time of the shortest phase of 
the satellite within a few minutes. See also Annals of the 
Loweil Observatory, 2. Further observations were made in 
Jamaica in 1901 with a 5-inch telescope, at the Lowe Ob- 
servatory in Southern Califorhia in 1904 with a 16-inch 
refractor, and again at our present station during the past 
year with the 11-inch Draper telescope. It should be stated 
that it is impossible to observe the phenomenon in Cam- 
bridge on account of the inferior seeing, or atmosplieric 
definition, and that the other observations have necessarily 
hitherto been confined to a duration of a few weeks. I t  is 
hoped this year to continue the observations through such 
a period that they can be connected with those of last year, 
and thence with those of earlier date. 
In order to see clearly the disk of the first satellite, 
the seeing must be at least 8 on our Standard Scale. (Har- 
vard Annals 61.29.) Any good telescope of over 4-inches 
aperture (10 cm) will show it if the seeing is good, but if 
less than 8, no telescope, no matter what its aperture, will 
show the phenomenon. In Cambridge the seeing never gets 
above 7 ,  so it is hopeless to attempt to do  anything there. 
The disk of the third satellite can be seen with seeing 7 ,  
but it is not very satisfactory to work on it, with less than 8, 
nor even then, unless this grade of seeing is maintained 
night after night. 
A period was deduced independently from the obser- 
vations secured with each of the four instruments above 
Harvard Astronomical Station, Mandeville, Jamaica 
mentioned, and these four periods all lay between 11~54"' 
and I ~h 59m. The latter result was obtained with the 5-inch 
in 1901, but was considered less satisfactory than the results 
secured with the other instruments. Besides the observers 
above mentioned the elliptical shape of the disk has been 
seen by Messrs. Lowell, Howe, eailey, Brenner and SchiapareZZi, 
in the order named. 
In the meantime the elliptical disk had been observed 
by Professor Dougglass with the 24-inch refractor of the 
Lowell Observatory in 1897, both in Mexico, and later at 
Flagstaff, and a period of I a h  26"' deduced, A. N. 146.345. 
The observations were continued by him other years, and 
latterly with an 8-inch telescope belonging to the Harvard 
Observatory, and located at Tucson, Arizona. The  fact that 
his period, which I believe he considers variable through 
a range of a few minutes, differed SO much from my own 
was disquieting. 
In 1894, as soon as the scale of ellipticities was 
devised, it was noticed that the satellite sometimes shortened 
much more rapidly than it lengthened, and sometimes vice 
versa. Also that the ellipticity appeared more pronounced 
than had been the case in 1892. In 1892 the disk some- 
times appeared perfectly circular. This was never the case 
in 1894, when it merely appeared more or less elliptical, 
the ratio of the axes occasionally reaching as high as 1 . 2 0 .  
These facts were also noticed by Professor DougZass during 
his observations, and are referred to by him in the article 
above mentioned. 
In some of our more recent work where the obser- 
vation has extended through several hours, a second minimuni 
has been detected, following the first but by one or two 
hours. This was also noticed in 1904 at the Lowe Obser- 
vatory. The  appearances are too obvious and too persistent 
to be explained away as mere accidental errors, or as due 
to atmospheric changes. Moreover the other satellites, when 
observed at  the same time, are not affected by them. It 
seems probable to the writer that we have here two or more 
oscillations of different period succeeding one another like 
tidal waves, and that when we get a sufficient number of 
observations following in close succession, we shall be able 
to trace out the results with certainty. 
Jupiter is so far to the south this year that little can 
be hoped for from the European observatories, but possibly 
some of those located elsewhere may be willing to assist 
in the work. The  double vibration would confirm the hypo- 
thesis of the meteoric constitution of these bodies. It is 
hopeless for any observer to undertake these observations 
unless his atmosphere is sufficiently steady to enable him 
to see the elliptical disk of the third satellite with perfect 
distinctness. 
While these observations are of interest for themselves, 
yet their main value lies in the application that we may 
make of the results to the question of the origin of our 
Moon, and of the short period variable stars. It is in the 
hope of interesting other astronomers in the matter during 
this opposition, that the present publication has been made. 
W. I., 1913 June 9. WiZliam H. Pickering. 
